This paper is concerned with elementary methods for evaluating the distribution of the time to system failure, following a particular sequence of events from a Markov chain. After discussing a simple example in which a specific sequence from a two-state Markov chain leads to failure, the method is .generalized to a sequence from a (k > 2)-state chain. The expectation and variance of the time T to failure can be obtained from the probability generating function (p.g.f.) of T. The method can be extended to the case of continuous time.
Introduction
In many processes arising in reliability theory, a system may at any time t-0,1,2,..., be in one of k_> 2 states A1,A2,...,Ak, the sequence of which forms a Markov chain. While this chain can be simple or of order r >_ 2, we restrict ourselves here to simple Markov chains; any chain of higher order can be reduced to a simple chain by redefining the states.
A system usually fails after it has passed through a particular sequence All, Ai2 ,.. ., Aim of m states (m _> k, or < k) at the times T-m + 1, T-m + 2, ...,T, with possible repetitions of states, before failure at T >_ m. We wish to study the distribution of the failure time T.
In order to formulate the problem clearly and solve it, we rely on the approaches of Blom and Thorburn [1] , Fu and Koutras [3] , and Gani [4] . In a sense, the methods used are an extension of the theory of runs first studied by Mood [6] with the same transition probabilities as in (2.1), and the same initial probabilities Po and Pl" The submatrices P, Q of (2.9) are now different from those in (2.2), with the result that the p.g.f, fooo(O) of Tooo differs from folo(0) of (2.5), as do also the relevant expectation and standard deviation.
3. An m-Sequence of States for k > 2 We consider the augmented Xn + 1 AI"" "All'" "Ai2"" "Ai3"" "Ak Ai I Ai 2 Ai I Ai 2 Ai3"" "All"" "Ai Note that P{A2-,A2A2} P22 with the consequence that P{A2--A2} 0; also, in going from X n -A2A2 to X n + 1-A2A2A2, since the last A2A2 of X n + 1 overlap the A2A2 of Xn, we have P{A2A2A2A2} = P22 with P(A2A2--,A2} O. Exactly as in (3.7), the distribution of the failure time T223 is
where this probability is 0 for n < 3. The p.g.f, of T223 is
(3.12) as we begin to expand the denominator of (4.3). While the method is simple to describe, it is rather intractable when k and m are large.
